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5.7.1 Coupled Differential Equations

Solving Coupled Differential Equations
How do | write a system of coupled differential equations in matrix form?

= The coupled differential equations considered in this part of the course will be of the form

dx +b
ar -ty
Yy

7 = +

qr X dy

= 4, b, C, d € Rareconstants whose precise value will depend on the situation being modelled
= |nanexam question the values of the constants will generally be givento you
= This system of equations can also be represented in matrix form:

dx
dt | (ab)fx
dy | \ed\y)
\ dt )
= |tisusually more convenient, however, to use the ‘dot notation’ for the derivatives:
X ab Xi
y) \ed\y)

= This canbe written even more succinctlyas X = Mx

. Herejz=(%1M=(a b),andx=(;)

\y) \c¢d)
How do | find the exact solution for a system of coupled differential equations?

= The exact solution of the coupled system x= Mx depends on the eigenvalues and eigenvectors of

ab
the matrix of coefficients M =
\c¢d)
= The eigenvalues and/or eigenvectors may be given to youin an exam question
= |ftheyare not thenyou willneed to calculate them using the methods learned in the matrices
section of the course
= Onthe examyou will only be asked to find exact solutions for cases where the two eigenvalues of the

matrix are real, distinct, and non-zero
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= Similar solution methods exist fornon-real, non-distinct and/or non-zero eigenvalues, but you /

don’t need to know them as part of the IB AIHL course

Let the eigenvalues and corresponding eigenvectors of matrix Mype )'1 and 2,2 ,and p1 and p2, Your notes

respectively
= Remember from the definition of eigenvalues and eigenvectors that this means that
Mp =A p andMp,=2,p,

The exact solution to the system of coupled differential equationsis then

At At
Xx=Ae'p t+Be’p,

= This solutionformulaisin the exam formula booklet
« A, BE€ R are constants (they are essentially constants of integration of the sort you have when

solving other forms of differential equation)
If initial or boundary conditions have been provided you can use these to find the precise values of the

constants A and B

= Finding the values of A and B will generally involve solving a set of simultaneous linear equations
(see the worked example below)
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@ Worked example

The rates of change of two variables, X and Y, are described by the following system of coupled
differential equations:

dx 4
— =4x -
dt 4
dy
— =2x+
dr Y
Initially X =2 and y = 1.
4 -1 1
Given that the matrix 21 has eigenvalues of 3 and 2 with corresponding eigenvectors 1

and 7 ) find the exact solution to the system of coupled differential equations.
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Phase Portraits /
What is a phase portrait for a system of coupled differential equations? Your notes

= Here we are again considering systems of coupled equations that can be represented in the matrix

_ N ( a bi r x\
formX=MX,whereX= ) ,M= Jand X =
y \c d) \Y)
= Aphase portraitis a diagram showing how the values of xand y change overtime
= Onaphase portrait we will usually sketch several typical solution trajectories

= The precise trajectory that the solution for a particular system will travel along is determined by the
initial conditions for the system

] Letﬂ,1 and/ﬂt2 be the eigenvalues of the matrix M

= The overall nature of the phase portrait depends inlarge part on the values of/l1 and /12

What does the phase portrait look like when A4 1 and /12 arereal numbers?

= Recallthat forreal distinct eigenvalues the solution to a system of the above formis

At At
x=Ae'! pl + Be 2 pz,where /11 and /12 are the eigenvalues of M and p1 and p2 are the

corresponding eigenvectors

= AlHL only considers cases where/pt1 and 2’2 aredistinct(i.e., )'1 Z lz) and non-zero

= Aphase portrait will always include two ‘eigenvector lines’ through the origin, each one parallel to one
of the eigenvectors

1 -3
= So ifp1 = ) and p2 = 4 , forexample, then these lines through the origin will have
4
equationsy =2Xand y = — gX, respectively

= Theselines willdefine two sets of solution trajectories

= |fthe eigenvalue corresponding to aline’s eigenvectoris positive, then there will be solution
trajectories along the line away from the originin both directions as tincreases

= |fthe eigenvalue corresponding to aline’s eigenvectoris negative, then there will be solution
trajectories along the line towards the originin both directions as tincreases

= No solution trajectory will ever cross an eigenvectorline

= |f both eigenvalues are positive then all solution trajectories will be directed away from the originas t
increases

= Inbetweenthe ‘eigenvectorlines’ the trajectories as they move away from the origin will all curve
to become approximately parallel to the line whose eigenvector corresponds to the larger
eigenvalue
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BOTH EIGENVALUES REAL AND POSITIVE

\\47@

A4 >A,>0, SO SOLUTION TRAJECTORIES BECOME
PARALLEL TO p, AS THEY MOVE AWAY FROM THE ORIGIN

If both eigenvalues are negative then all solution trajectories will be directed towards the originas t
increases
= Inbetween the ‘eigenvectorlines’ the trajectories will all curve so that at points further away from
the origin they are approximately parallel to the line whose eigenvector corresponds to the more
negative eigenvalue
= They willthen converge on the other eigenvalue line as they move in towards the origin

Page 7 of 31

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

s

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

BOTH EIGENVALUES REAL AND NEGATIVE

YN

x\

0>A,>A,, SO SOLUTION TRAJECTORIES START PARALLEL TO
P, , AND CONVERGE ON p, AS THEY APPROACH THE ORIGIN

If one eigenvalue is positive and one eigenvalue is negative then solution trajectories will generally
start by heading in towards the origin before curving to head out away again from the originas t
increases

Inbetween the ‘eigenvectorlines’ the solution trajectories will allmove in towards the origin along
the direction of the eigenvectorline that corresponds to the negative eigenvalue, before curving
away and converging on the eigenvector line that corresponds to the positive eigenvalue as they
head away from the origin
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4

BOTH EIGENVALUES REAL, ONE POSITIVE AND ONE NEGATIVE
Your notes

\

\ Py

A4 >0 >A,, SO SOLUTION TRAJECTORIES COME IN ALONG THE
DIRECTION OF p, THEN CURVE AND CONVERGE ON p, AS THEY HEAD OUT

What does the phase portrait look like when /11 and /12 are imaginary numbers?

= Here the solution trajectories will all be either circles or ellipses with their centres at the origin
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4

PURELY IMAGINARY EIGENVALUES
Your notes

YN

N
N

x\/

TRAJECTORIES ‘ORBIT” AROUND THE ORIGIN. THEY MAY
BE ELLIPTICAL OR CIRCULAR, AND MAY BE CLOCKWISE OR
ANTICLOCKWISE (BUT ALL WILL EITHER BE ONE OR THE
OTHER FOR ANY PARTICULAR DIFFERENTIAL EQUATION).

= Youcandetermine the direction (clockwise or anticlockwise) and the shape (circular or elliptical) of the

dx dy

trajectories by considering the values of = and —— forpoints onthe coordinate axes

dt dt

) 1 -2
= Forexample, consider the system X = ( X

\1 -1)
( 1 —21 S
= Theeigenvalues of\ 1 -1 }arel and —1, so the trajectories will be elliptical or circular
dx d
« Whenx=1andy=0,——=1(1)-2(0)=1and == 1(1)-1(0)=1
dt dt
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= This shows that from a point on the positive X -axis the solution trajectory will be moving ‘to

1
therightand up’in the direction of the vector ( 1

1/

%=1(0)—2(1)= —Zand%=l(0)—l(l)= -1

= This shows that from a point on the positive J -axis the solution trajectory willbe moving ‘to

= Whenx=0andy=1,

-2
the leftand down’ in the direction of the vector( )
\"1)
= Thedirections of the trajectories at those points tell us that the directions of the trajectories willbe
anticlockwise
= Theyalso tell us that the trajectories will be ellipses
= Forcirculartrajectories, the direction of the trajectories when they cross a coordinate axis will
be perpendicular to that coordinate axis

What does the phase portrait look like when A4 1 and /12 are complex numbers?

= |nthiscase /11 and 12 willbe complex conjugates of the form & £ bi, where a and b are non-zeroreal

numbers
= 1fa=0,b#0, thenwehavethe imaginary eigenvalues case above
= Here the solution trajectories will all be spirals
= |Ifthereal part of the eigenvalues is positive (i.e., if & > 0), thenthe trajectories will spiral away
fromthe origin
= |fthereal part of the eigenvalues is negative (i.e., if @ < 0), thenthe trajectories will spiral towards
the origin
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COMPLEX EIGENVALUES COMPLEX EIGENVALUES ,
WITH POSITIVE REAL PART WITH NEGATIVE REAL PART Your notes
YA YA\

(@

S C

&

x\/

=
x\/

TRAJECTORIES SPIRAL TRAJECTORIES SPIRAL
AWAY FROM THE ORIGIN INTO THE ORIGIN

= You can determine the direction (clockwise or anticlockwise) of the trajectories by considering the

dx dy

dr and E

values of for points on the coordinate axes

I 5
] Forexample,considerthesystemx=( 23 X

1 =5
= Theeigenvalues of(2 3 are2 + 31 and2 — 31, so the trajectories will be spirals

= Because thereal part of the eigenvalues (2) is positive, the trajectories will spiral away from
the origin

S 1(1)+5(0) = 1 ana o0 = ~2(1) +3(0) = ~2

= This shows that from a point on the positive X -axis the solution trajectory will be moving ‘to

= Whenx=1andy=0,

1
therightand down’in the direction of the vector ( )
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dx dt
« Whenx=0andy=1,—= 1(0)+5(1)=5andd— =-2(0)+3(1)=3 ,
t t Your notes
= This shows that from a point on the positive Y -axis the solution trajectory will be moving ‘to
5

therightand up’in the direction of the vector

= Thedirections of the trajectories at those points tell us that the directions of the trajectory spirals
willbe clockwise
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@ Worked example /

Your notes

Consider the system of coupled differential equations u

dx P

—_ = = X+

dt 4

dy 3

— =x—

dt 4

-2 2
, With corresponding
-3 }

Giventhat — 1 and —4 are the eigenvalues of the matrix (

2 -1
eigenvectors and ,draw a phase portrait for the solutions of the system.

1 1
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Equilibrium Points
What is an equilibrium point?

= Forasystem of coupled differential equations, an equilibrium pointis a point (X, y) atwhichboth

dx dy
dt =0 and dt =0

= Because both derivatives are zero, the rates of change of both X and y are zero
= Thismeansthat X and ¥ willnot change, and therefore that if the system s ever at the point

(X, y) thenit willremain at that point (X, y) forever
= Anequilibrium point can be stable orunstable
= Anequilibrium pointis stable if for all points close to the equilibrium point the solution trajectories
move back towards the equilibrium point
= This means thatif the systemis perturbed away from the equilibrium point, it will tend to move
back towards the state of equilibrium
= [fanequilibrium pointis not stable, thenitis unstable
= |fasystemis perturbed away from an unstable equilibrium point, it will tend to continue
moving further and further away from the state of equilibrium

. . X ab
= Forasystemthat canberepresentedinthe matrixform X = MXx where X= r . ] M= d W
\y \¢

X
and X= ( w,the origin(O, 0) is always an equilibrium point
Y)

= Considering the nature of the phase portrait for a particular system will tell us what sort of
equilibrium point the originis
= |f both eigenvalues of the matrix M srerealand negative, then the originis a stable equilibrium
point
= This sort of equilibrium pointis sometimes known as a sink
= |f both eigenvalues of the matrix M arerealand positive, then the originis an unstable equilibrium
point
= This sort of equilibrium point is sometimes known as a source
= |fbotheigenvalues of the matrix M arereal, with one positive and one negative, then the originis
anunstable equilibrium point
= This sort of equilibrium point is known as a saddle point (you will be expected to identify
saddle points if they occurin an AlHL exam question)
= |fbotheigenvalues of the matrix Mare imaginary, then the originis an unstable equilibrium point
= Recallthat forall points other than the origin, the solution trajectories here all ‘orbit’ around the
origin along circular or elliptical paths
= |f both eigenvalues of the matrix Mare complex with a negative real part, then the originis an
stable equilibrium point
= Allsolution trajectories here spiral in towards the origin
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= |f both eigenvalues of the matrix Mare complex with a positive real part, then the originis an /
unstable equilibrium point

= All solution trajectories here spiral away from the origin Yournotes
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@ Worked example

a) Consider the system of coupled differential equations
X x=3y+6
—=2x— +
dt Y
4
—=x+y-7
dt Y

Show that (3 , 4) is an equilibrium point for the system.

When %23 and y= 4,

dx ) o
= " 2(3)-3(4)+6 = O
BY - A b Ha

e 2+« 4 -7 O

._c‘_?;_- o.nJ % are Lot\n 2ero ot (3,‘*)'

ssatosn [, %) s an equilibeivm
?o;nt 'F'or t‘ng 5751:0_.“.

b) Consider the system of coupled differential equations
dx 3
—=x+
dt Y
dy
—— =2x+2
dt 4
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13
Giventhat4 and —1 are the eigenvalues of the matrix ( 79 , With corresponding eigenvectors

\

1 -3
(1 and 2 , determine the coordinates and nature of the equilibrium point for the system.

\&J\v\en X=o d‘-'ﬂA 730, %'—'—O o-.r\Aél':O—

T\nereforg Tha orijln (0, 0) vs the
2101\;Lr;um ?oln't Yor TLa system.

One o‘l: e.lﬁe.nvo.\uas 5 Fos;t;ve_ Sl e

‘\5 nQﬁo.t;vQ_

Tharateee Tha Of;j:n s o saddle ?02-.1:,
WL.;.-.L\ 1S an unsta\;\a ecLu;\;Lr;um ?o'\ﬂt,
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Sketching Solution Trajectories

How do | sketch a solution trajectory for a system of coupled differential equations?

A phase portrait shows typical trajectories representing all the possible solutions to a system of
coupled differential equations
Fora given set of initial conditions, however, the solution will only have one specific trajectory
Sketching a particular solution trajectory will generally involve the following:

= Make sure you know what the ‘typical’ solutions for the systemlook like

= Youdon’t needto sketch acomplete phase portrait unless asked, but you should know what
the phase portrait for your system would look like

= |fthe phase portraitincludes ‘eigenvectorlines’, however, itis worthincluding these in your
sketch to serve as guidelines

= Mark the starting point for your solution trajectory

= The coordinates of the starting point will be the X and ¥ valueswhen =0

= Usually these are givenin the question as the initial conditions for the system
= Determine theinitial direction of the solution trajectory

dx
= Todo this find the values of —— and —— whent =10

dt dt
= Thiswilltellyou the directionsin which X and ¥ are changinginitially

dx

. Y . .
= Forexampleif E = —2and — =3 when t =0, thenthe trajectory from the starting

dt

-2
pointwillinitiallybe‘totheleftandup’,paralleltothevector( 3
= Usethe above considerations to create your sketch

= Thetrajectory should begin at the starting point (be sure to mark and label the starting point on
your sketch!)

= |tshould move away from the starting point in the correctinitial direction

= Asitmoves further away from the starting point, the trajectory should conform to the nature of
a ‘typical solution’ for the system
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@ Worked example

Consider the system of coupled differential equations

dx _ s
a7
dy

< - +
T 3x+3y

The initial conditions of the system are such that the exact solutionis given by

-1 5
X=¢ 1 v 3

Sketch the trajectory of the solution, showing the relationship between X and ¥ as f increases from

Zero.
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5.7.2 Second Order Differential Equations 4

Your notes

Euler's Method: Second Order

How do | apply Euler’s method to second order differential equations?

A second order differential equation is a differential equation containing one or more second
derivatives
In this section of the course we consider second order differential equations of the form

s f 4n)

d "\"7de”)
= Youmay need torearrange the differential equation givento getitin this form
dx
Inorder to apply Euler's method, use the substitution y= E to turnthe second order differential

equationinto a pair of coupled first order differential equations
dx dy d%x
s If Yy=—"F",then— =~/
Y7 de T de
= Thischanges the second order differential equationinto the coupled system
Approximate solutions to this coupled system can then be found using the standard Euler’s method for

coupled systems
= Seethe notesonthis methodin the revision note 5.6.4 Approximate Solutions to Differential

Equations
dx _
ar 7
dy
ar f(x, y, 1)
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@ Worked example

d?x dx
Consider the second order differential equation a2 + ZE + x = 50cost.
a) Show that the equation above can be rewritten as a system of coupled first order differential
equations.
2 2
c‘ X AK A x Ax
‘-""x-?_-—"*'SOcosT_ = (x_ )
At 3t 11 T, gt.t
Jia Lo
LQ.T. 7 - T ; Su\abtntut-on
d"x
Thes = 11 50 the eluo.t§on Lecomas

—x-'?_y +50cost

T\n;s jlqes t\ne r_ouF\ac‘» system

(>

-7

e+ [X

- 3

- -x-'2.7 * Sor.ost

[ » T
in g
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dx
Initially X = 2 and E =-1. By applying Euler’'s method with a step size of 0.1, find
dx
approximations for the values of xand E whent=0.5.
Euler's method for X=Xt kX fe s Vit F
coupled systems hi fom axowm
= h is a constant
i bl ) (step length) faiveala Vasklat
L=t +h
X.,. = %, + 0.1y, ... & L. =0,

Y e

n

7“ + 0.\ (—xﬂ— 2\/“ + 50 r_ostﬂ)

/—) Taitially xED wad 1:%:4

n o x. | y o0
(© 2 -1
I 0.1 14 Y
2 0.1 2.3 17.9895 feom 6DC
g 0.3 3.098% 11.058
4 0.4 4.2043 13.313
5 0.5 5.5356 14.835

At t=0.5,
x=5.54% (3 s.‘F.)
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Exact Solutions & Phase Portraits: Second Order
How can find the exact solution for a second order differential equation?

= |nsome cases we canapply methods we already know to find the exact solutions for second order
differential equations
= |nthis section of the course we consider second order differential equations of the form

a2 " Far T X7

= areconstants

dx

= Usethesubstitution y = E to turnthe second order differential equationinto a pair of coupled first

order differential equations

dx dy d*x
If y=—F",then— = —+
Y7 "™ de T de

= Thischanges the second order differential equationinto the coupled system

= The coupled system may also be represented in matrix form as
X 0 1 X
y) \=b-aj\y)

= |nthe ‘dot notation’ here and

That can be written even more succinctly as X=Mx

e {x\ (0 1}
= Here X=| | X= ,and M=

y) \v) \=b~-a)
= Once the original equation has been rewritten in matrix form, the standard method for finding exact
solutions of systems of coupled differential equations may be used
= The solutions will depend on the eigenvalues and eigenvectors of the matrix M
= Forthe details of the solution method see the revision note 5.7.1 Coupled Differential Equations
= Remember that exam questions will only ask for exact solutions for cases where the eigenvalues of
M arerealand distinct

How can |l use phase portraits to investigate the solutions to second order differential
equations?

= Here we are again considering second order differential equations of the form
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d’x  dx =0
— 5 ta—_+tbx=
de? dt
= a&barereal constants
dx
As shown above, the substitution Yy = E can be used to convert this second order differential

equationinto a system of coupled first order differential equations of the form x=Mx

e {x\ (0 1}
= Here X=| | X= ,and M=

y) ) \=b~a)
Once the equation has been rewrittenin this form, you may use the standard methods to constructa
phase portrait or sketch a solution trajectory for the equation

= Forthe details of the phase portrait and solution trajectory methods see the revisionnote 5.7.1
Coupled Differential Equations

dx
= Wheninterpreting a phase portrait or solution trajectory sketch, don’t forget that y = E
dx
= Soifxrepresents the displacement of a particle, forexample, then Yy = E will represent

the particle’s velocity
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@ Worked example

- orntitequation x4 395 _4x=0 1
Consider the second order differential equation a7 dt X = V. Initiallyx=3 and
de =~ ©
a) Show that the equation above can be rewritten as a system of coupled first order differential
equations.
dx dx dx 3
it - 12737 = Flu38)
Ll = B SubsTitut:
7 A " vbs LiL v ton
Thew 2L = 4% 4o cevation L
en clt Atz S Qi ooLion ecomes
i = Yx-3
dt Y
TL'I‘S 31\!25 t\«e cou?\e.A systqm
I
dt 7
L S T
4t 7
b)
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0 1
Giventhat the matrix(4 3 has eigenvalues of 1and -4 with corresponding eigenvectors

\

1 -1

1 and 4 I find the exact solution to the second order differential equation.
Exact solution for coupled
n : ; At ot From axam
linear differential x=Ae" p +Be™ p,

5 ‘Fnrmuln L.okllt
equations
- 0 ‘
We ba ve X = ¥ -3 2 y S0

X = ;)= ﬂe_t(: + Be-%(-u:)

At t=0, x=3 an) 7%2 -

=5 3
nie)* (2) => A=z, 8-

-4t

X'-'-?.et*'e

c) Sketch the trajectory of the solution to the equation on a phase diagram, showing the

dx

de’

relationship between xand
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At =0, §X= -2 .l L=t(3)-3(2): 8.

50 ln'ltlo-llr 'Uno_ So\utlon td‘o-:}e.ctor); -15 to J[\ne,

\Q'Ft a«-“tl o (:) giaznvactar

-y
(——\

{o.D) 5 a

so.l.“e fo'mt

r
 J
b e

(31-1)

(_._: ) e;atnvectof
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